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Abstract Relaxed random walk (RRW) models of trait evolution introduce branch-specific
rate multipliers to modulate the variance of a standard Brownian diffusion process along a
phylogeny and more accurately model overdispersed biological data. Increased taxonomic
sampling challenges inference under RRWs as the number of unknown parameters grows
with the number of taxa. To solve this problem, we present a scalable method to efficiently
fit RRWs and infer this branch-specific variation in a Bayesian framework. We develop a
Hamiltonian Monte Carlo (HMC) sampler to approximate the high-dimensional, correlated
posterior that exploits a closed-form evaluation of the gradient of the trait data log-likelihood
with respect to all branch-rate multipliers simultaneously. Remarkably, this gradient calcu-
lation achieves computational complexity that scales only linearly with the number of taxa
under study. We compare the efficiency of our HMC sampler to the previously standard
univariable Metropolis-Hastings approach while studying the spatial emergence of the West
Nile virus in North America in the early 2000s. Our method achieves an over 300-fold speed-
increase over the univariable approach. Additionally, we demonstrate the scalability of our
method by applying the RRW to study the correlation between mammalian adult body mass
and litter size in a phylogenetic tree with 2306 tips.
1 Introduction
Phylogenetic comparative methods are an indispensable tool to study the evolution of biolog-
ical traits across taxa while controlling for their shared evolutionary history that confounds
the inference of trait correlation (Felsenstein, 1985). Modern comparative methods usu-
ally entertain continuous, multivariate traits, although extensions to mixed discrete and
continuous outcomes are readily available (Cybis et al., 2015; Ives and Garland Jr, 2009).
Approaches typically model trait evolution as a Brownian diffusion or “random walk” process
that acts conditionally independently along the branches of a known or random phylogeny.
Specifically, the observed or latent trait value of a node in a phylogeny arises from a multivari-
ate normal distribution centered on the latent trait value of its ancestral node with variance
proportional to the units of time between nodes. A strict Brownian diffusion model, how-
ever, is unable to accommodate the overdispersion in trait data that often emerges from real
biological processes (Schluter et al., 1997). One such example arises when examining the dis-
persal rate of measurably evolving viral pathogens (Biek et al., 2007). For example, if birds
serve as the viral host, migratory patterns may induce inhomogeneous dispersal rates over
time (Pybus et al., 2012). In such cases, a strict Brownian diffusion model fails to capture,
and therefore can also fail to predict, the spatial dynamics of an emerging epidemic.
Lemey et al. (2010) relax the strict Brownian diffusion assumption by introducing branch-
rate multipliers that scale the variance of the Brownian diffusion process along each branch
of the phylogeny. This “relaxed random walk” (RRW) model requires estimating 2N − 2
correlated branch-rate multipliers, where N is the number of taxa in the phylogeny. Lemey
et al. (2010) take a Bayesian approach to parameter estimation where they infer the pos-
terior distribution of the branch-rate multipliers via Markov chain Monte Carlo (MCMC)
employing a simple univariable Metropolis-Hastings (UMH) proposal distribution (Hastings,
1970). Since the rates remain correlated in the posterior, a random-scan (Liu, 2008) of
UMH proposals inefficiently explores branch-rate space. Specifically, univariable samplers
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force accepted proposals to be very close together to avoid a large number of rejection steps
in the Markov chain simulation. This results in high correlation between MCMC samples
from the posterior, making point estimates of the branch-rate multipliers unreliable and
slow to converge. Despite these drawbacks, RRWs find many impactful applications, e.g., in
phylodynamics and phylogeography (Bedford et al., 2014; Faria et al., 2014).
To ameliorate the difficulties that high dimensional MCMC sampling presents, we propose
adopting a geometry-informed sampling approach using Hamiltonian Monte Carlo (HMC).
HMC equates sampling from a probability distribution with simulating the trajectory of a
puck sliding across a frictionless surface warped by the shape of the distribution (Neal, 2011).
To map from this statistical problem to the physical one, we view the MCMC samples of our
branch-rate multipliers as the “position” of the puck and, then, for each positional dimension
we introduce an associated momentum variable. In this way, we extend a D-dimensional
parameter space to 2D-dimensional phase space (Betancourt, 2017) and traverse the 2D
phase space via differentiating the Hamiltonian and using a numerical integration method
to offer proposal states for our MCMC chain. The major limitation to HMC is calculating
the gradient of the log-posterior with respect to all position parameters simultaneously.
Previous approaches for calculating gradients on phylogenies have employed “pruning”-type
algorithms (Felsenstein, 1981) that scale quadratically with the number of taxa in the tree
(Bryant et al., 2005). Likewise, numerical approaches also scale quadratically.
In this paper, we derive a method to calculate the gradient with computational complexity
that scales only linearly with the number of taxa. We implement our method in the BEAST
software package (Suchard et al., 2018), a popular tool for the study and reconstruction of
rooted, time-measured phylogenies. We demonstrate the speed and accuracy of our linear-
order gradient HMC versus previous best practices by examining the spread of the West Nile
virus across the Americas in the early 2000s. Finally, we use our technique to apply the RRW
model to study the sensitivity of correlation estimates to model misspecification between
mammalian adult body mass and litter size across 2306 mammals, thereby demonstrating
the scalability of our HMC implementation to tackling a previously intractable problem.
2 New Approaches
2.1 The Model
Consider a known or random phylogenyF with N sampled tip nodes and N−1 internal and
root nodes, each with an observed or latent continuous trait value Yi ∈ RP . To traverse
the phylogeny F , let node pa(i) index the parent of node i with branch length ti connecting
the two nodes. Then under the RRW model,
Yi ∼ MVN
(
Ypa(i), tiV(φi)
)
, (1)
where the P ×P matrix-valued function V(φi) characterizes the branch-specific multivariate
normal (MVN) increment that defines the diffusion process. We parameterize this function
in terms of an unknown P × P positive-definite matrix Σ that describes the covariation
between trait dimensions after controlling for shared evolutionary history and an unknown
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branch-rate multiplier φi. Typical choices include
V(φi) =

φiΣ rate-scalar parameterization, φi > 0,
1
φi
Σ scale-mixture-of-normals parameterization, φi > 0,
eφiΣ unconstrained parameterization, and
Σ standard Brownian diffusion.
(2)
To complete the RRW model specification, we adopt a prior density on the unobserved trait
at the parentless root node,
p(Y2N−1) = MVN
(
ν0, κ
−1
0 Σ
)
(3)
with prior mean ν0 and sample-size κ0.
Letting φ = (φ1, . . . , φ2N−2) and the observed data Y = (Y1, . . . ,YN) at the tips, we are
interested in learning about the posterior
p(φ,Σ, s,F ,θ |Y,S) ∝ p(Y |φ,Σ,F )p(S |F ,θ)︸ ︷︷ ︸
likelihood
p(φ | s)p(s)p(Σ)p(F ,θ)︸ ︷︷ ︸
priors
, (4)
where s is an unknown parameter characterizing our prior on φ and θ represents parameters
of a molecular sequence substitution model for the evolution of aligned molecular sequence
data S. Note that we follow usual convention (Cybis et al., 2015) and assume that Y and
S are conditionally independent given F . We follow the example of Lemey et al. (2010)
and place relatively uninformative priors on φ and Σ. For φ we assign a log-normal prior
distribution with mean 1 and standard deviation s and place an exponential prior on s.
Additionally, we assign a Wishart conjugate prior with scale matrix IP and P degrees of
freedom to Σ−1.
We use MCMC integration to approximate this posterior using a random-scan Metropolis-
within-Gibbs approach (Levine and Casella, 2006; Liu, 2008). One cycle of this scheme
consists of sampling φ,Σ, s and then (F ,θ) via
p(φ |Σ, s,F ,θ,Y,S) ∝ p(Y |φ,Σ,F )p(φ | s), (5a)
p(Σ |φ, s,F ,θ,Y,S) ∝ p(Y |φ,Σ,F )p(Σ), (5b)
p(s |φ,Σ,F ,θ,Y,S) ∝ p(φ | s)p(s), and (5c)
p(F ,θ |φ,Σ, s,Y,S) ∝ p(Y |φ,Σ,F )p(S |F ,θ)p(F ,θ), (5d)
where update (5d) is unecessary when F is fixed, otherwise efficient sampling from the
density p(F ,θ |φ,Σ, s,Y,S) is well described elsewhere, see for example Suchard et al.
(2018). Updates (5b) and (5c) are straightforward due to the conjugate priors chosen in our
model. We turn our focus to the remaining component of our scheme, namely sampling from
p(φ |Σ, s,F ,θ,Y,S).
2.2 Hamiltonian Monte Carlo
We wish to sample φ jointly to avoid potentially high autocorrelation in the resulting MCMC
chain. To this end, we propose using HMC and begin with a brief description of how HMC
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maps sampling from a probability distribution to simulating a physical system. In classical
mechanics, the Hamiltonian is the sum of the kinetic and potential energy in a closed system.
To build the connection, we introduce auxiliary momentum variable ρ = (ρ1, . . . , ρ2N−2) and
write our Hamiltonian,
H(φ,ρ) = − log p(φ |Σ, s,F ,θ,Y,S)︸ ︷︷ ︸
potential energy
+
1
2
ρtMρ︸ ︷︷ ︸
kinetic energy
, (6)
where the mass matrix M weights our momentum variables. The canonical distribution from
statistical mechanics relates the joint density of state variables φ and ρ to the energy in a
system via the relationship,
p(φ,ρ |Σ, s,F ,θ,Y,S) ∝ e−H(φ,ρ). (7)
Substituting our Hamiltonian into (7), we observe that φ and ρ are independent and
recognize the marginal density of ρ to be MVN. To start the HMC algorithm, we first sample
ρ from this marginal density. Then by differentiating H(φ,ρ), we generate Hamilton’s
equations of motion,
dφi
dt
= +
∂H
∂ρi
, and
dρi
dt
= −∂H
∂φi
=
∂
∂φi
log p(φ |Σ, s,F ,θ,Y,S) for all i = 1, . . . , 2N − 2.
(8)
We can use the resulting vector field in conjunction with a variety of numerical integra-
tion techniques to propose new states of φ for our MCMC chain. Consistent with typical
construction (Neal, 2011), we use the leapfrog method for numerical integration, where
we follow the trajectory of ρ for a half-step before updating φ. For a full discussion
of HMC, see Neal (2011). Importantly, Hamilton’s equations elicit a need to calculate
∇φ log p(φ |Σ, s,F ,θ,Y,S) =
(
∂
∂φ1
, . . . , ∂
∂φ2N−2
)t
log p(φ |Σ, s,F ,θ,Y,S) to traverse phase
space.
2.3 Gradient of trait data log-likelihood
A practical HMC sampler demands efficient calculation of ∇φ log p(φ |Σ, s,F ,θ,Y,S). Dif-
ferentiating the logarithm of (5a), we obtain
∂
∂φi
log p(φ |Σ, s,F ,Y,S) = ∂
∂φi
log p(Y |φ,Σ,F ) + ∂
∂φi
log p(φ | s). (9)
We choose a log-normal prior for φ and so evaluating the second term in Equation (9) is
trivial. Indeed, this term remains trivial for many common priors one might choose for
φ. Here we develop a general recursive algorithm for calculating ∇φ log p(Y |φ,Σ,F ). To
facilitate this development, consider splitting Y into two disjoint sets relative to any node i
in F . We define Ybic as the observed data descendant of node i and Ydie as the observed
data “above” (or not descendent of) node i. For clarity, see Figure (1).
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<latexit sha1_base64="UVBCOKuwM/O8QJtapPHHXDkMakw=">AAAB9HicbVDLS gMxFL2pr1pfVcGNm2ARXJUZEXRZdOOyBfuQdqiZNNOGZjJjkimUod/hxoUibv0Yd278FjNtF9p6IHA4517uyfFjwbVxnC+UW1ldW9/Ibxa2tnd294r7Bw0dJYqyOo1Ep Fo+0UxwyeqGG8FasWIk9AVr+sObzG+OmNI8kndmHDMvJH3JA06JsZLXCYkZ+EF6P+leFLrFklN2psDLxJ2TUuWo9v0AANVu8bPTi2gSMmmoIFq3XSc2XkqU4VSwSaGTa BYTOiR91rZUkpBpL52GnuBTq/RwECn7pMFT9fdGSkKtx6FvJ7OQetHLxP+8dmKCKy/lMk4Mk3R2KEgENhHOGsA9rhg1YmwJoYrbrJgOiCLU2J6yEtzFLy+TxnnZdcpuzb ZxDTPk4RhO4AxcuIQK3EIV6kDhEZ7gBV7RCD2jN/Q+G82h+c4h/AH6+AHFv5OZ</latexit><latexit sha1_base64="vv0t/n2BMYuwmJONP9fcyjf0sCo=">AAAB9HicbVDLS gMxFL1TX7W+qoIbN8EiuCozIuiy1I3LFuxD2qFk0kwbmsmMSaZQhn6HGxeKuNSv8AvcufFbzEy70NYDgcM593JPjhdxprRtf1m5ldW19Y38ZmFre2d3r7h/0FRhLAltk JCHsu1hRTkTtKGZ5rQdSYoDj9OWN7pO/daYSsVCcasnEXUDPBDMZwRrI7ndAOuh5yd3095FoVcs2WU7A1omzpyUKkf1b/ZW/aj1ip/dfkjigApNOFaq49iRdhMsNSOcT gvdWNEIkxEe0I6hAgdUuUkWeopOjdJHfijNExpl6u+NBAdKTQLPTKYh1aKXiv95nVj7V27CRBRrKsjskB9zpEOUNoD6TFKi+cQQTCQzWREZYomJNj2lJTiLX14mzfOyY5 edummjCjPk4RhO4AwcuIQK3EANGkDgHh7gCZ6tsfVovVivs9GcNd85hD+w3n8AFw+VVQ==</latexit><latexit sha1_base64="vv0t/n2BMYuwmJONP9fcyjf0sCo=">AAAB9HicbVDLS gMxFL1TX7W+qoIbN8EiuCozIuiy1I3LFuxD2qFk0kwbmsmMSaZQhn6HGxeKuNSv8AvcufFbzEy70NYDgcM593JPjhdxprRtf1m5ldW19Y38ZmFre2d3r7h/0FRhLAltk JCHsu1hRTkTtKGZ5rQdSYoDj9OWN7pO/daYSsVCcasnEXUDPBDMZwRrI7ndAOuh5yd3095FoVcs2WU7A1omzpyUKkf1b/ZW/aj1ip/dfkjigApNOFaq49iRdhMsNSOcT gvdWNEIkxEe0I6hAgdUuUkWeopOjdJHfijNExpl6u+NBAdKTQLPTKYh1aKXiv95nVj7V27CRBRrKsjskB9zpEOUNoD6TFKi+cQQTCQzWREZYomJNj2lJTiLX14mzfOyY5 edummjCjPk4RhO4AwcuIQK3EANGkDgHh7gCZ6tsfVovVivs9GcNd85hD+w3n8AFw+VVQ==</latexit><latexit sha1_base64="FXU8xMMtyE+YTu3OYpbrsylisgk=">AAAB9HicbVDLS gMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7EPaoWTSO21oJjMmmUIZ+h1uXCji1o9x59+YabvQ1gOBwzn3ck9OkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVD qhGwSU2DDcC24lCGgUCW8HoNvdbY1Sax/LBTBL0IzqQPOSMGiv53YiaYRBmj9PeZalXrrhVdwaySrwFqcAC9V75q9uPWRqhNExQrTuemxg/o8pwJnBa6qYaE8pGdIAdS yWNUPvZLPSUnFmlT8JY2ScNmam/NzIaaT2JAjuZh9TLXi7+53VSE177GZdJalCy+aEwFcTEJG+A9LlCZsTEEsoUt1kJG1JFmbE95SV4y19eJc2LqudWvXu3UrtZ1FGEEz iFc/DgCmpwB3VoAIMneIZXeHPGzovz7nzMRwvOYucY/sD5/AE3J5G0</latexit>
Y5
<latexit sha1_base64="7lRaKG2RrochizAlrUUzAwO5TRE=">AAAB9HicbVDLS gMxFL2pr1pfVcGNm2ARXJUZQXRZdOOyBfuQdqiZNNOGZjJjkimUod/hxoUibv0Yd278FjNtF9p6IHA4517uyfFjwbVxnC+UW1ldW9/Ibxa2tnd294r7Bw0dJYqyOo1Ep Fo+0UxwyeqGG8FasWIk9AVr+sObzG+OmNI8kndmHDMvJH3JA06JsZLXCYkZ+EF6P+leFLrFklN2psDLxJ2TUuWo9v0AANVu8bPTi2gSMmmoIFq3XSc2XkqU4VSwSaGTa BYTOiR91rZUkpBpL52GnuBTq/RwECn7pMFT9fdGSkKtx6FvJ7OQetHLxP+8dmKCKy/lMk4Mk3R2KEgENhHOGsA9rhg1YmwJoYrbrJgOiCLU2J6yEtzFLy+TxnnZdcpuzb ZxDTPk4RhO4AxcuIQK3EIV6kDhEZ7gBV7RCD2jN/Q+G82h+c4h/AH6+AHHRJOa</latexit><latexit sha1_base64="trIyWIbEn+BgdtdAs2Sb/xCy2uM=">AAAB9HicbVDLS gMxFL1TX7W+qoIbN8EiuCozguiy1I3LFuxD2qFk0kwbmsmMSaZQhn6HGxeKuNSv8AvcufFbzEy70NYDgcM593JPjhdxprRtf1m5ldW19Y38ZmFre2d3r7h/0FRhLAltk JCHsu1hRTkTtKGZ5rQdSYoDj9OWN7pO/daYSsVCcasnEXUDPBDMZwRrI7ndAOuh5yd3095FoVcs2WU7A1omzpyUKkf1b/ZW/aj1ip/dfkjigApNOFaq49iRdhMsNSOcT gvdWNEIkxEe0I6hAgdUuUkWeopOjdJHfijNExpl6u+NBAdKTQLPTKYh1aKXiv95nVj7V27CRBRrKsjskB9zpEOUNoD6TFKi+cQQTCQzWREZYomJNj2lJTiLX14mzfOyY5 edummjCjPk4RhO4AwcuIQK3EANGkDgHh7gCZ6tsfVovVivs9GcNd85hD+w3n8AGJSVVg==</latexit><latexit sha1_base64="trIyWIbEn+BgdtdAs2Sb/xCy2uM=">AAAB9HicbVDLS gMxFL1TX7W+qoIbN8EiuCozguiy1I3LFuxD2qFk0kwbmsmMSaZQhn6HGxeKuNSv8AvcufFbzEy70NYDgcM593JPjhdxprRtf1m5ldW19Y38ZmFre2d3r7h/0FRhLAltk JCHsu1hRTkTtKGZ5rQdSYoDj9OWN7pO/daYSsVCcasnEXUDPBDMZwRrI7ndAOuh5yd3095FoVcs2WU7A1omzpyUKkf1b/ZW/aj1ip/dfkjigApNOFaq49iRdhMsNSOcT gvdWNEIkxEe0I6hAgdUuUkWeopOjdJHfijNExpl6u+NBAdKTQLPTKYh1aKXiv95nVj7V27CRBRrKsjskB9zpEOUNoD6TFKi+cQQTCQzWREZYomJNj2lJTiLX14mzfOyY5 edummjCjPk4RhO4AwcuIQK3EANGkDgHh7gCZ6tsfVovVivs9GcNd85hD+w3n8AGJSVVg==</latexit><latexit sha1_base64="KJhChWkhUQnKprwv18yN7pOVNZ0=">AAAB9HicbVDLS gMxFL1TX7W+qi7dBIvgqswIosuiG5cV7EPaoWTSO21oJjMmmUIZ+h1uXCji1o9x59+YabvQ1gOBwzn3ck9OkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVD qhGwSU2DDcC24lCGgUCW8HoNvdbY1Sax/LBTBL0IzqQPOSMGiv53YiaYRBmj9PeZalXrrhVdwaySrwFqcAC9V75q9uPWRqhNExQrTuemxg/o8pwJnBa6qYaE8pGdIAdS yWNUPvZLPSUnFmlT8JY2ScNmam/NzIaaT2JAjuZh9TLXi7+53VSE177GZdJalCy+aEwFcTEJG+A9LlCZsTEEsoUt1kJG1JFmbE95SV4y19eJc2LqudWvXu3UrtZ1FGEEz iFc/DgCmpwB3VoAIMneIZXeHPGzovz7nzMRwvOYucY/sD5/AE4rJG1</latexit>
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<latexit sha1_base64="6Cw1W7DRxIO N6H9L8drbzj9BkK0=">AAAB73icbVA9SwNBEJ3zM8avqKUWi0GwCnc2WgZtLBMwH 5AcYW+zlyzZ2zt354Rw5E/YWChi6z/wd9jZ+VPcS1Jo4oOBx3szzMwLEikMuu6Xs 7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRTe63H rg2IlZ3OE64H9GBEqFgFK3U7iZD0fOKxV6p7FbcKcgy8eakXD35qH8DQK1X+uz2Y 5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42fTeCTmzSp+EsbalkEzV3 xMZjYwZR4HtjCgOzaKXi/95nRTDKz8TKkmRKzZbFKaSYEzy50lfaM5Qji2hTAt7K2 FDqilDG1Eegrf48jJpXlQ8t+LVbRrXMEMBjuEUzsGDS6jCLdSgAQwkPMIzvDj3zp Pz6rzNWlec+cwR/IHz/gO2kpFM</latexit><latexit sha1_base64="jLGefU2fhkV dqqMsOolK9diSUm0=">AAAB73icbVDLSsNAFL2prxpfVZeKDBbBVUnc6LLoxmUL9 gFtKJPppB06mcSZiRBCl/6AGxeKuPUP+h3u/AZ/wknbhbYeuHA4517uvcePOVPac b6swsrq2vpGcdPe2t7Z3SvtHzRVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Y9uc r/1QKVikbjTaUy9EA8ECxjB2kjtbjxkPde2e6WyU3GmQMvEnZNy9XhS/348mdR6p c9uPyJJSIUmHCvVcZ1YexmWmhFOx3Y3UTTGZIQHtGOowCFVXja9d4zOjNJHQSRNC Y2m6u+JDIdKpaFvOkOsh2rRy8X/vE6igysvYyJONBVktihIONIRyp9HfSYp0Tw1BB PJzK2IDLHERJuI8hDcxZeXSfOi4joVt27SuIYZinAEp3AOLlxCFW6hBg0gwOEJXu DVureerTfrfdZasOYzh/AH1scPlNeSsg==</latexit><latexit sha1_base64="jLGefU2fhkV dqqMsOolK9diSUm0=">AAAB73icbVDLSsNAFL2prxpfVZeKDBbBVUnc6LLoxmUL9 gFtKJPppB06mcSZiRBCl/6AGxeKuPUP+h3u/AZ/wknbhbYeuHA4517uvcePOVPac b6swsrq2vpGcdPe2t7Z3SvtHzRVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Y9uc r/1QKVikbjTaUy9EA8ECxjB2kjtbjxkPde2e6WyU3GmQMvEnZNy9XhS/348mdR6p c9uPyJJSIUmHCvVcZ1YexmWmhFOx3Y3UTTGZIQHtGOowCFVXja9d4zOjNJHQSRNC Y2m6u+JDIdKpaFvOkOsh2rRy8X/vE6igysvYyJONBVktihIONIRyp9HfSYp0Tw1BB PJzK2IDLHERJuI8hDcxZeXSfOi4joVt27SuIYZinAEp3AOLlxCFW6hBg0gwOEJXu DVureerTfrfdZasOYzh/AH1scPlNeSsg==</latexit><latexit sha1_base64="nkB3sb7H3Po WSqi3WzhvkeINPng=">AAAB73icbVBNS8NAEJ34WeNX1aOXxSJ4KokXPRa9eKxgP 6ANZbOdtEs3m7i7EUron/DiQRGv/h1v/hs3bQ7a+mDg8d4MM/PCVHBtPO/bWVvf2 Nzaruy4u3v7B4fVo+O2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSe3hd95QqV5I h/MNMUgpiPJI86osVK3n475wHfdQbXm1b05yCrxS1KDEs1B9as/TFgWozRMUK17v peaIKfKcCZw5vYzjSllEzrCnqWSxqiDfH7vjJxbZUiiRNmShszV3xM5jbWexqHtj KkZ62WvEP/zepmJroOcyzQzKNliUZQJYhJSPE+GXCEzYmoJZYrbWwkbU0WZsREVIf jLL6+S9mXd9+r+vVdr3JRxVOAUzuACfLiCBtxBE1rAQMAzvMKb8+i8OO/Ox6J1zS lnTuAPnM8fppiPBw==</latexit>
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<latexit sha1_base64="EyzrY9cqeFjkHNIHKM961bwWcSw=">AAAB73icbVC7S gNBFL0bX3F9RS21GAyCVdhNo2XQxjIB84BkCbOT2WTIzOw6MyuEJT9hY6GIrX/gd9jZ+SnOJik08cCFwzn3cu89YcKZNp735RTW1jc2t4rb7s7u3v5B6fCopeNUEdokM Y9VJ8SaciZp0zDDaSdRFIuQ03Y4vsn99gNVmsXyzkwSGgg8lCxiBBsrdXrJiPWrrtsvlb2KNwNaJf6ClGunH41vAKj3S5+9QUxSQaUhHGvd9b3EBBlWhhFOp24v1TTBZ IyHtGupxILqIJvdO0XnVhmgKFa2pEEz9fdEhoXWExHaToHNSC97ufif101NdBVkTCapoZLMF0UpRyZG+fNowBQlhk8swUQxeysiI6wwMTaiPAR/+eVV0qpWfK/iN2wa1z BHEU7gDC7Ah0uowS3UoQkEODzCM7w4986T8+q8zVsLzmLmGP7Aef8BuBiRTQ==</latexit><latexit sha1_base64="EOPnt4fFpPbpd9LTIB+qIYO582o=">AAAB73icbVDLS sNAFL2prxpfVZeKDBbBVUm60WXRjcsW7APaUCbTSTt0MklnJkIJXfoDblwo4tY/6He48xv8CSdtF9p64MLhnHu59x4/5kxpx/mycmvrG5tb+W17Z3dv/6BweNRQUSIJr ZOIR7LlY0U5E7Sumea0FUuKQ5/Tpj+8zfzmA5WKReJej2PqhbgvWMAI1kZqdeIB65Ztu1soOiVnBrRK3AUpVk6nte/Hs2m1W/js9CKShFRowrFSbdeJtZdiqRnhdGJ3E kVjTIa4T9uGChxS5aWzeyfowig9FETSlNBopv6eSHGo1Dj0TWeI9UAte5n4n9dOdHDtpUzEiaaCzBcFCUc6QtnzqMckJZqPDcFEMnMrIgMsMdEmoiwEd/nlVdIol1yn5N ZMGjcwRx5O4BwuwYUrqMAdVKEOBDg8wQu8WiPr2Xqz3uetOWsxcwx/YH38AJZdkrM=</latexit><latexit sha1_base64="EOPnt4fFpPbpd9LTIB+qIYO582o=">AAAB73icbVDLS sNAFL2prxpfVZeKDBbBVUm60WXRjcsW7APaUCbTSTt0MklnJkIJXfoDblwo4tY/6He48xv8CSdtF9p64MLhnHu59x4/5kxpx/mycmvrG5tb+W17Z3dv/6BweNRQUSIJr ZOIR7LlY0U5E7Sumea0FUuKQ5/Tpj+8zfzmA5WKReJej2PqhbgvWMAI1kZqdeIB65Ztu1soOiVnBrRK3AUpVk6nte/Hs2m1W/js9CKShFRowrFSbdeJtZdiqRnhdGJ3E kVjTIa4T9uGChxS5aWzeyfowig9FETSlNBopv6eSHGo1Dj0TWeI9UAte5n4n9dOdHDtpUzEiaaCzBcFCUc6QtnzqMckJZqPDcFEMnMrIgMsMdEmoiwEd/nlVdIol1yn5N ZMGjcwRx5O4BwuwYUrqMAdVKEOBDg8wQu8WiPr2Xqz3uetOWsxcwx/YH38AJZdkrM=</latexit><latexit sha1_base64="tH7H0XQuN4rQuS9rKkzmdxcakxo=">AAAB73icbVBNS 8NAEJ3Urxq/qh69LBbBU0l60WPRi8cK9gPaUDbbTbt0s4m7E6GU/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvTKUw6HnfTmljc2t7p7zr7u0fHB5Vjk/aJsk04y2WyER3Q 2q4FIq3UKDk3VRzGoeSd8LJbe53nrg2IlEPOE15ENOREpFgFK3U7adjMai77qBS9WreAmSd+AWpQoHmoPLVHyYsi7lCJqkxPd9LMZhRjYJJPnf7meEpZRM64j1LFY25C WaLe+fkwipDEiXalkKyUH9PzGhszDQObWdMcWxWvVz8z+tlGF0HM6HSDLliy0VRJgkmJH+eDIXmDOXUEsq0sLcSNqaaMrQR5SH4qy+vk3a95ns1/96rNm6KOMpwBudwCT 5cQQPuoAktYCDhGV7hzXl0Xpx352PZWnKKmVP4A+fzB6gejwg=</latexit>
 3
<latexit sha1_base64="muB8A9Kd/5t07ddTVEvIv1HMV9Y=">AAAB7nicbVBNS wMxEJ3Ur1q/qh69BIvgqeyqoMeiF48V7Ae0S8mm2TY0mw1JVihLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvVIIb63nfqLS2vrG5Vd6u7Ozu7R9UD4/aJkk1ZS2aiER3Q 2KY4JK1LLeCdZVmJA4F64STu9zvPDFteCIf7VSxICYjySNOiXVSp6/GfHBZGVRrXt2bA68SvyA1KNAcVL/6w4SmMZOWCmJMz/eUDTKiLaeCzSr91DBF6ISMWM9RSWJmg mx+7gyfOWWIo0S7khbP1d8TGYmNmcah64yJHZtlLxf/83qpjW6CjEuVWibpYlGUCmwTnP+Oh1wzasXUEUI1d7diOiaaUOsSykPwl19eJe2Luu/V/YerWuO2iKMMJ3AK5+ DDNTTgHprQAgoTeIZXeEMKvaB39LFoLaFi5hj+AH3+AHSTjvk=</latexit><latexit sha1_base64="muB8A9Kd/5t07ddTVEvIv1HMV9Y=">AAAB7nicbVBNS wMxEJ3Ur1q/qh69BIvgqeyqoMeiF48V7Ae0S8mm2TY0mw1JVihLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvVIIb63nfqLS2vrG5Vd6u7Ozu7R9UD4/aJkk1ZS2aiER3Q 2KY4JK1LLeCdZVmJA4F64STu9zvPDFteCIf7VSxICYjySNOiXVSp6/GfHBZGVRrXt2bA68SvyA1KNAcVL/6w4SmMZOWCmJMz/eUDTKiLaeCzSr91DBF6ISMWM9RSWJmg mx+7gyfOWWIo0S7khbP1d8TGYmNmcah64yJHZtlLxf/83qpjW6CjEuVWibpYlGUCmwTnP+Oh1wzasXUEUI1d7diOiaaUOsSykPwl19eJe2Luu/V/YerWuO2iKMMJ3AK5+ DDNTTgHprQAgoTeIZXeEMKvaB39LFoLaFi5hj+AH3+AHSTjvk=</latexit><latexit sha1_base64="muB8A9Kd/5t07ddTVEvIv1HMV9Y=">AAAB7nicbVBNS wMxEJ3Ur1q/qh69BIvgqeyqoMeiF48V7Ae0S8mm2TY0mw1JVihLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvVIIb63nfqLS2vrG5Vd6u7Ozu7R9UD4/aJkk1ZS2aiER3Q 2KY4JK1LLeCdZVmJA4F64STu9zvPDFteCIf7VSxICYjySNOiXVSp6/GfHBZGVRrXt2bA68SvyA1KNAcVL/6w4SmMZOWCmJMz/eUDTKiLaeCzSr91DBF6ISMWM9RSWJmg mx+7gyfOWWIo0S7khbP1d8TGYmNmcah64yJHZtlLxf/83qpjW6CjEuVWibpYlGUCmwTnP+Oh1wzasXUEUI1d7diOiaaUOsSykPwl19eJe2Luu/V/YerWuO2iKMMJ3AK5+ DDNTTgHprQAgoTeIZXeEMKvaB39LFoLaFi5hj+AH3+AHSTjvk=</latexit><latexit sha1_base64="muB8A9Kd/5t07ddTVEvIv1HMV9Y=">AAAB7nicbVBNS wMxEJ3Ur1q/qh69BIvgqeyqoMeiF48V7Ae0S8mm2TY0mw1JVihLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvVIIb63nfqLS2vrG5Vd6u7Ozu7R9UD4/aJkk1ZS2aiER3Q 2KY4JK1LLeCdZVmJA4F64STu9zvPDFteCIf7VSxICYjySNOiXVSp6/GfHBZGVRrXt2bA68SvyA1KNAcVL/6w4SmMZOWCmJMz/eUDTKiLaeCzSr91DBF6ISMWM9RSWJmg mx+7gyfOWWIo0S7khbP1d8TGYmNmcah64yJHZtlLxf/83qpjW6CjEuVWibpYlGUCmwTnP+Oh1wzasXUEUI1d7diOiaaUOsSykPwl19eJe2Luu/V/YerWuO2iKMMJ3AK5+ DDNTTgHprQAgoTeIZXeEMKvaB39LFoLaFi5hj+AH3+AHSTjvk=</latexit>
 4
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Figure 1: Example tree with N = 3 tips. Assume trait data Yi are fully observed for
i = {1, 2, 3}. We write Yb4c and Yd4e to denote the observed data below and above
node 4 respectively. Specifically, Yb4c = {Y1,Y2} while Yd4e = {Y3}. Partial likelihoods
p(Yb4c |Y4) = p(Y1,Y2 |Y4) and p(Y4 |Yd4e) = p(Y4 |Y3).
In the following, we drop the dependence of the log-likelihood on φ, Σ and F for nota-
tional convenience. To begin,
∂
∂φi
[log p(Y)] =
∂
∂φi
[p(Y)]
/
p(Y)
=
∂
∂φi
[∫
p(Ybic |Yi)p(Yi |Ydie)p(Ydie)
]
dYi
/
p(Y)
=
∫
∂
∂φi
[
p(Ybic |Yi)p(Yi |Ydie)p(Ydie)
]
dYi
/
p(Y)
=
∫
p(Ybic |Yi) ∂
∂φi
[
p(Yi |Ydie)
]
p(Ydie)dYi
/
p(Y).
(10)
The last equality above follows from the fact that φi is associated only with the branch
above node i. Therefore when we condition on Yi, Ybic is independent of φi. Similarly,
Ydie evolves independent of φi. To proceed with the differential above, we use the fact that
p(Yi |Ydie) follows a MVN distribution with as of yet undetermined mean ni and precision
Qi (see section (6.3) for a detailed derivation). We extract the middle term from Equation
(10) and find
∂
∂φi
[
p(Yi |Ydie)
]
=
1
2
{
(Yi − ni)t Qi ti ∂
∂φi
[V(φi)]Qi (Yi − ni)
−tr
[
Qi ti
∂
∂φi
[V(φi)]
]}
p(Yi |Ydie),
(11)
using the differential properties
dQi = −Qi
(
dQ−1i
)
Qi and
d
∣∣Q−1i ∣∣ = ∣∣Q−1i ∣∣tr[QidQ−1i ] , (12)
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found in, e.g., Petersen et al. (2008).
To simplify notation, we let function
F(Yi) =
1
2
{
(Yi − ni)t Υi (Yi − ni)− tr[χi]
}
, (13)
where Υi = Qi ti
∂
∂φi
[V(φi)]Qi and χi = Qi ti
∂
∂φi
[V(φi)]. Substituting Equation (13) back
into Equation (10), we observe that
∂
∂φi
[log p(Y)] =
∫
F(Yi) p(Ybic |Yi)p(Yi |Ydie)p(Ydie)dYi
/
p(Y)
=
∫
F(Yi) p(Yi |Y)dYi
= E[F(Yi) | Y] .
(14)
When Yi is fully observed (typically i ≤ N), this expectation collapses to the direct evalua-
tion of F(Yi). When i = N+1, . . . , 2N−2 or if Yi is partially observed for i = 1, . . . , N , we
require p(Yi |Y). From Bayes’ theorem, p(Yi |Y) ∝ p(Ybic |Yi)p(Yi |Ydie). Partial likeli-
hood p(Ybic |Yi) is proportional to a MVN density characterized by computable mean mi
and precision Pi (Pybus et al., 2012). Using this fact, p(Yi |Y) becomes MVN with mean
µi = Zi (Pimi + Qini) and variance Zi = [Pi + Qi]
−1
. Finally,
E[F(Yi) | Y1, . . . ,YN ] = 1
2
{
tr[ZiΥi] + (µi − ni)t Υi (µi − ni)− tr[χi]
}
. (15)
Equation (15) provides a recipe to compute ∇φ log p(Y |φ,Σ,F ) using the means and pre-
cisions that characterize partial data likelihoods p(Yi |Ydie) and p(Ybic |Yi).
2.4 Tree Traversals
We introduce post- and pre-order tree traversals to recursively calculate all partial data
likelihood means and precisions in computational complexity O(N) that scales linearly with
N . To begin, let nodes i and j be daughters of node k. For the post-order traversal,
p(Ybic |Yi) ∝ MVN
(
Yi; mi,P
−1
i
)
, (16)
with post-order mean mi and precision Pi. For k = 1, . . . , 2N − 1 in post-order, we build
the inverse-precision (variance) via
P−1k =
{
0× I if k is a tip
(P∗i + P
∗
j)
−1 otherwise,
(17)
where
P∗i =
(
P−1i + tiV(φi)
)−1
and P∗j =
(
P−1j + tjV(φj)
)−1
(18)
and the mean via
mk =
{
Yk if k is a tip
P−1k (P
∗
imi + P
∗
jmj) otherwise.
(19)
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For a proof of these post-order updates, see Pybus et al. (2012) (Supplemental Material).
To compute p(Yi |Ydie), we traverse the tree in pre-order fashion according to our gen-
eralized version of the recursive algorithm proposed by Cybis et al. (2015). See section (6.3)
for a derivation of our generalized pre-order update. For the pre-order traversal,
p(Yi |Ydie) = MVN
(
Yi; ni,Q
−1
i
)
. (20)
For i = 2N − 1, . . . , 1 looking down the tree, we update our pre-order precision,
Qi =
κ0Σ
−1 if i is root(
(Q∗i )
−1 + tiV(φi)
)−1
otherwise
(21)
at each node where
Q∗i = P
∗
j + Qk. (22)
We also keep track of the pre-order mean at each node via
ni =
{
ν0 if i is root
(Q∗i )
−1(P∗jmj + Qknk) otherwise. (23)
Both traversals visit each node exactly once and perform a matrix inversion as their most
costly operation, providing an O(NP 3) algorithm. However, as we observe in Equation (2),
generally V(φi) = g(φi) Σ. In this case, we can further reduce the computational complexity
to O(NP 2) by factoring out Σ. Instead of inverting V(φi) at each step, we only need to
invert Σ at most once per likelihood or gradient evaluation.
3 Results
3.1 West Nile Virus
West Nile virus (WNV) is responsible for more than 1,500 deaths and caused over 700,000
illnesses since first reported in North America in 1999. The virus typically spreads via
mosquito bites; however, the primary host is birds. First identified in New York City, WNV
spread to the Pacific coast by 2003 and reached south into Argentina by 2005 (Petersen
et al., 2013). We examine whole aligned viral genomes (11,029 nt) and geographic data on
104 cases of WNV collected between 1999 and 2007 (Pybus et al., 2012). In cases where
only the year of sampling is known, we set the sampling date to the midpoint of that year.
Previous authors have recorded latitude and longitude geographic sampling information by
converting zip code locations using ZIPList5. For 27 of the specimens, only the U.S. or
Mexican state of discovery is known and so we have augmented sampling data with the
coordinates of the centroid of the state (Pybus et al., 2012).
Here we study the simultaneous evolution and dispersal of WNV as it spreads across
North America, following the modeling choices of Pybus et al. (2012). We define geographic
location as our trait of interest Y within a RRW and infer rates φ using our new HMC
method. We compare the computational efficiency of our method to the random-scan UMH
approach employed by Pybus et al. (2012). We use effective sample size (ESS) of the posterior
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Figure 2: Comparing computational efficiency of Hamiltonian Monte Carlo (HMC) and uni-
variable Metropolis-Hastings (UMH) transition kernels through effective sample size (ESS)
per unit time in West Nile virus (WNV) phylogeography. (a): Fixed phylogeny F , diffu-
sion matrix Σ and prior standard deviation s. (b): Inference on the full joint posterior,
p(φ, s,Σ,F ,θ |Y,S).
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φi samples for all i divided by computational runtime to evaluate the performance of each
MCMC approach. Specifically, we report ESS/second for two separate inference cases. In
case (a) we fix standard deviation s of the prior p(φ | s) as well as diffusion matrix Σ and
phylogenyF to posterior mean estimates of these values (see section (6)) and strictly sample
φ. In case (b) we perform simultaneous inference on all parameters of the full posterior (4).
Because BEAST employs a random-scan approach across model parameters, we adjust the
weight of our HMC transition kernel so that the proportion of time spent sampling branch-
rate multiplier space with HMC equals the proportion of time spent with UMH. We report
histograms of ESS/second in both cases across all branches in Figure (2).
In case (a) the median ESS/second across φ is 164 and 0.374 for the HMC and UMH
transition kernels respectively. This demonstrates a 439-fold speed increase. Additionally,
the minimum ESS/second is 14.3 with HMC and 0.038 with UMH, exhibiting a 375-fold
speed-up for the “least well”explored φi. In case (b), the median ESS/second is 3.08 and
0.019 for the HMC and UMH transition kernels respectively, exhibiting a 162-fold speed-up
while controlling for proportion of time spent in each transition kernel. The ratio of minimum
speed-up in case (b) is 15.3, however the “least well” explored dimensions are multimodal
possibly due to the lack of identifiability among some branch-rate multipliers induced by the
non-constant nature of the phylogeny.
log-rate
4
-8
1998 1999 2000 2001 2002 2003 2004 2005 2006 2007
WN02
lineage
Figure 3: Maximum clade credible (MCC) tree resulting from Hamiltonian Monte Carlo
(HMC) inference under phylogeographic relaxed random walk (RRW) of West Nile virus.
We color branches by posterior mean branch-rate parameters φ.
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In Figure (3) we report the maximum clade credible (MCC) tree, obtained from applying
HMC to the RRW model as described in case (b), where substitution rate variation is
accounted for by the molecular clock model (see 6). The branch with the highest posterior
dispersal rate starts the WN02 lineage identified by Gray et al. (2010). The clade of New York
isolates sampled in 1999, however, maintains a much slower dispersal rate. Sufficiently precise
posterior estimates under the previous UMH approach remain unavailable in reasonable time
to expose these differences.
3.2 Mammalian Life History
Life history theory aims to explain how traits such as adult body mass, litter size and
lifespan evolve to optimize reproductive success (Stearns, 2000). To understand how diversity
is maintained in life history traits in the presence of evolutionary forces, it is important
to understand how they covary. In mammals, adult body mass exhibits weak negative
correlation with litter size (Sikes and Ylo¨nen, 1998) but this conclusion may be an artifact of
the restrictive assumptions of strict Brownian diffusion modeling. Here we re-evaluate this
claim with the RRW of trait evolution made tractable through O(N) HMC sampling.
Under the RRW, we infer correlation between adult body mass and litter size from the
PanTHERIA data set (Jones et al., 2009) across 2306 mammalian species related by the
fixed supertree of Fritz et al. (2009). After log-transforming and standardizing the trait
measurements, we estimate a posterior mean correlation between adult body mass and litter
size of −3.64× 10−2, with 95% high posterior density (HPD) interval {−8.62× 10−2, 1.37×
10−2}. This finding remains consistent with the hypothesis that there exists weak negative
correlation. To gauge the effect of a heterogeneous diffusion process on the correlation
between traits, we also make inference using the strict Brownian diffusion model where the
φ are all identically 1. Here, we find the correlation between traits to be −3.37 × 10−2
{−7.45× 10−2, 6.91× 10−3}. The HPD intervals are similar under both models and indeed
the estimated probability that the correlation is <0 is 0.93 under the RRW model and 0.94
under the strict Brownian diffusion model. In this case, our generalized model reassuringly
confirms the previous analysis under the more limited model. We report a density plot of
inferred diffusion matrix Σ in Figure (4).
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Figure 4: Posterior density of diffusion matrix Σ relating mammalian body mass to litter
size. We plot solutions of Y tΣ−1Y = c where we choose c such that the ellipses trace 95%
of the multivariate normal (MVN) mass. We log transform and standardize traits before
inference of Σ. The gray rings depict estimates under the relaxed random walk (RRW)
model while the orange contours represent estimates under the strict Brownian diffusion
model. The black rings show the posterior mean Σ under each model and the vectors are
principal axes of these posterior mean ellipsoids.
4 Discussion
Previous MCMC techniques to investigate trait evolution under the RRW model scale poorly
with large data sets. Specifically the UMH transition kernel is ineffective for sampling
correlated, high dimensional parameter space. We provide a remedy by using an HMC
transition kernel to sample all branch-rate multipliers simultaneously. To improve the speed
of HMC we derive an algorithm for calculating the gradient of the trait data log-likelihood.
Our gradient calculation achieves O(N) computational speed, a vast improvement compared
to both numerical and pruning methods for calculating the gradient that typically require
O(N2).
We observe over 300-fold speed-up when comparing our HMC transition kernel to UMH
in the spread of the WNV across North America in the early 2000s. The resulting MCC
tree reveals that the largest rate of dispersion precedes the most recent common ancestor
of the WN02 lineage. Subsequently, the rates of dispersion slow down through the WN02
clade. This suggests that this clade developed after some rapid geographic displacement.
Interestingly, the appearance of smaller branch-rate multipliers within the WN02 lineage is
consistent with the slowing speed of sequence evolution as described in Snapinn et al. (2007).
As exhibited in Figure (2), ESS from posterior sampling accumulates at variable speed
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across the branches of the tree. To further improve the sampling of our HMC algorithm,
one might use an approximation of the posterior covariance of φ for the mass matrix M
to appropriately weight momentum updates in the HMC algorithm (Neal, 2011). Possible
approximations include the Hessian of the log-posterior (a local approximation of the cur-
vature of branch-rate multiplier space) or the sample variance across each dimension. An
important consideration in choosing an appropriate M is whether one is studying under a
fixed or random phylogeny F . Since varying F in the posterior often creates multimodal
distributions of φ, local approximations such as the Hessian may be of limited assistance in
such cases.
We show in our application to mammalian life history that our computationally efficient
HMC algorithm imbues the RRW model with the ability to handle large trees with thousands
of taxa. Applying the RRW model to this massive example allows us to confirm the existence
of weak negative correlation between body mass and litter size as exhibited by the principle
axes of Figure (4). Furthermore, we observe that the variability in body mass is modestly
greater than the variability in litter size and this phenomenon is present under both models
of trait evolution.
In a time where biological data are larger and more prolific than ever, scalable approaches
to complex models of evolution such as the RRW prove increasingly useful in a variety of
applications. From spatial epidemiology where determining the dispersal rate of an infectious
disease is crucial, to evolutionary ecology where an organism’s fitness is determined by the
covariability across life history traits, the need for computationally faster approaches stands
evident. We hope that this work will serve to improve the speed of such analyses.
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6 Materials and Methods
6.1 West Nile Virus
In the WNV application, we first follow Pybus et al. (2012) by employing a RRW model with
log-normal prior on rates φ with mean = 1 and standard deviation s and use a general time-
reversible (GTR) + Γ substitution model with a log-normal relaxed molecular clock. We use
the UMH transition kernel for a 250 million state MCMC chain simulation. Subsequently,
we use the resulting posterior mean estimates of Σ and s, as well as the MCC tree to fix
these model parameters in the analysis of case (a) described in our work here. Under this
fixed analysis we run our HMC-based chain for 1 million states and a UMH-based chain for
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150 million states. In case (b), we use a random starting tree and jointly estimated φ,Σ, s,
F and θ. We simulate MCMC chains for 25 million and 250 million states using HMC and
UMH transition kernels respectively.
6.2 Mammalian Life History
For the mammalian life history application, we examine two models of trait evolution along
a fixed phylogeny. Under the RRW, we jointly infer φ, Σ and s, running our HMC-based
chain for 1 million states. Under the strict Brownian diffusion model, we perform MCMC
inference on the diffusion matrix Σ for 1 million states.
6.3 Pre-Order Partial Likelihood
In this section we derive a generalized version of the pre-order recursive algorithm proposed
by Cybis et al. (2015) to compute p(Yi |Ydie) for all i in O(N). We begin with the law of
total probability,
p(Yi |Ydie) ∝
∫
p(Yi |Yk)p(Ybjc |Yk)p(Yk |Ydke) dYk (24)
for node i with parent k and sibling j. Recalling that
p(Yi |Yk) = MVN(Yi; Yk, tiV(φi)) , and
p(Ybjc |Yk) ∝ MVN
(
Yk; mj, (P
∗
j)
−1) , (25)
we identify Equation (24) as a recursive expression whose solution has the form
p(Yi |Ydie) = MVN
(
Yi; ni,Q
−1
i
)
, (26)
with presently undetermined pre-order mean ni and pre-order precision Qi.
We unravel these quantities by first identifying that p(Y2N−1 |Yd2N−1e) = p(Y2N−1)
and set n2N−1 = ν0 and Q2N−1 = κ0Σ−1. Then proceeding in pre-order fashion for i =
2N − 2, . . . , 1
Qi =
(
(Q∗i )
−1 + tiV(φi)
)−1
where
Q∗i = P
∗
j + Qk, and
ni = (Q
∗
i )
−1(P∗jmj + Qknk).
(27)
Bibliography
Bedford, T., Suchard, M. A., Lemey, P., Dudas, G., Gregory, V., Hay, A. J., McCauley, J. W.,
Russell, C. A., Smith, D. J., and Rambaut, A. (2014). Integrating influenza antigenic
dynamics with molecular evolution. eLife, 3, e01914.
Betancourt, M. (2017). unpublished data. A conceptual introduction to Hamiltonian Monte
Carlo, https://arxiv.org/abs/1701.02434, last accessed May 31, 2019.
14
Biek, R., Henderson, J. C., Waller, L. A., Rupprecht, C. E., and Real, L. A. (2007). A
high-resolution genetic signature of demographic and spatial expansion in epizootic rabies
virus. Proceedings of the National Academy of Sciences , 104(19), 7993–7998.
Bryant, D., Galtier, N., and Poursat, M.-A. (2005). Likelihood calculation in molecular
phylogenetics. In O. Gascuel, editor, Mathematics of Evolution and Phylogeny , pages
33–62. Oxford Univ. Press.
Cybis, G. B., Sinsheimer, J. S., Bedford, T., Mather, A. E., Lemey, P., and Suchard, M. A.
(2015). Assessing phenotypic correlation through the multivariate phylogenetic latent
liability model. The Annals of Applied Statistics , 9(2), 969.
Faria, N. R., Rambaut, A., Suchard, M. A., Baele, G., Bedford, T., Ward, M. J., Tatem,
A. J., Sousa, J. D., Arinaminpathy, N., Pe´pin, J., et al. (2014). The early spread and
epidemic ignition of HIV-1 in human populations. Science, 346(6205), 56–61.
Felsenstein, J. (1981). Evolutionary trees from DNA sequences: a maximum likelihood
approach. Journal of Molecular Evolution, 17(6), 368–376.
Felsenstein, J. (1985). Phylogenies and the comparative method. The American Naturalist ,
125(1), 1–15.
Fritz, S. A., Bininda-Emonds, O. R., and Purvis, A. (2009). Geographical variation in
predictors of mammalian extinction risk: big is bad, but only in the tropics. Ecology
Letters , 12(6), 538–549.
Gray, R., Veras, N., Santos, L., and Salemi, M. (2010). Evolutionary characterization of the
West Nile virus complete genome. Molecular Phylogenetics and Evolution, 56(1), 195–200.
Hastings, W. K. (1970). Monte Carlo sampling methods using Markov chains and their
applications. Biometrika, 57(1), 97 – 109.
Ives, A. R. and Garland Jr, T. (2009). Phylogenetic logistic regression for binary dependent
variables. Systematic Biology , 59(1), 9–26.
Jones, K. E., Bielby, J., Cardillo, M., Fritz, S. A., O’Dell, J., Orme, C. D. L., Safi, K.,
Sechrest, W., Boakes, E. H., Carbone, C., et al. (2009). PanTHERIA: a species-level
database of life history, ecology, and geography of extant and recently extinct mammals.
Ecology , 90(9), 2648–2648.
Lemey, P., Rambaut, A., Welch, J. J., and Suchard, M. A. (2010). Phylogeography takes
a relaxed random walk in continuous space and time. Molecular Biology and Evolution,
27(8), 1877–1885.
Levine, R. A. and Casella, G. (2006). Optimizing random scan Gibbs samplers. Journal of
Multivariate Analysis , 97(10), 2071–2100.
Liu, J. S. (2008). Monte Carlo strategies in scientific computing . Springer Science & Business
Media.
15
Neal, R. M. (2011). MCMC using Hamiltonian dynamics. In S. Brooks, A. Gelman, G. L.
Jones, and X.-L. Meng, editors, Handbook of Markov Chain Monte Carlo, volume 2. CRC
Press New York, NY.
Petersen, K. B., Pedersen, M. S., et al. (2008). The matrix cookbook. Technical University
of Denmark , 7(15), 510.
Petersen, L. R., Brault, A. C., and Nasci, R. S. (2013). West Nile virus: review of the
literature. Journal of the American Medical Association, 310(3), 308–315.
Pybus, O. G., Suchard, M. A., Lemey, P., Bernardin, F. J., Rambaut, A., Crawford, F. W.,
Gray, R. R., Arinaminpathy, N., Stramer, S. L., Busch, M. P., et al. (2012). Unifying the
spatial epidemiology and molecular evolution of emerging epidemics. Proceedings of the
National Academy of Sciences , 109(37), 15066–15071.
Schluter, D., Price, T., Mooers, A. Ø., and Ludwig, D. (1997). Likelihood of ancestor states
in adaptive radiation. Evolution, 51(6), 1699–1711.
Sikes, R. S. and Ylo¨nen, H. (1998). Considerations of optimal litter size in mammals. Oikos ,
83(3), 452–465.
Snapinn, K. W., Holmes, E. C., Young, D. S., Bernard, K. A., Kramer, L. D., and Ebel,
G. D. (2007). Declining growth rate of West Nile virus in North America. Journal of
Virology , 81(5), 2531–2534.
Stearns, S. C. (2000). Life history evolution: successes, limitations, and prospects. Natur-
wissenschaften, 87(11), 476–486.
Suchard, M. A., Lemey, P., Baele, G., Ayres, D. L., Drummond, A. J., and Rambaut, A.
(2018). Bayesian phylogenetic and phylodynamic data integration using BEAST 1.10.
Virus Evolution, 4(1), vey016.
16
